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A mechanism for emergent gravity on brane solutions in Yang-Mills matrix models is 
exhibited. Newtonian gravity and a partial relation between the Einstein tensor and the 
energy-momentum tensor can arise from the basic matrix model action, without invoking an 
Einstein-Hilbert-type term. The key requirements are compactified extra dimensions with 
extrinsic curvature Ai A x /C C R D and split noncommutativity, with a Poisson tensor 6 ab 
linking the compact with the noncompact directions. The moduli of the compactification pro- 
vide the dominant degrees of freedom for gravity, which are transmitted to the 4 noncompact 
directions via the Poisson tensor. The effective Newton constant is determined by the scale 
of noncommutativity and the compactification. This gravity theory is well suited for quanti- 
zation, and argued to be perturbatively finite for the IKKT model. Since no compactification 
of the target space is needed, it might provide a way to avoid the landscape problem in string 
theory. 
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1 Introduction 

Matrix models such as the IKKT respectively IIB model [l| provide fascinating candidates for 
a quantum theory of fundamental interactions. Part of the appeal stems from the fact that 
geometry is not an input, but emerges on the solutions. For example, it is easy to see that 
flat noncommutative (NC) planes R 2 ,™ arise as solutions. Similarly, branes with non-trivial 
geometry arise as NC sub- manifolds Ai C R 10 , which can be interpreted asphysical space- 
time. Their effective geometry is easily understood in the semi-classical limit |2|, [3] , in terms of 
a dynamical effective metric G a b which is strongly reminiscent of the open string metric in the 
presence of a B- field jij. This metric governs the kinematics of all propagating fields on the 
brane, and therefore describes gravity on the brane. Moreover, a relation with IIB supergravity 
or superstring theorjQ has been conjectured and verified to a certain extent [H, On the 



2 for related work on the BFSS model [loj] see e.g. [IlT[l4|. 
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other hand, the IKKT model can equivalently be viewed as Af = 4 supersymmetric Yang- 
Mills (SYM) theory on Rj, and is thus (expected to be) perturbatively finite in 4 dimensions. 
Combining these two points of view strongly suggests that the model should provide a quantum 
theory of fundamental interactions including gravity in 4 dimensional). 

However, a single 4-dimensional brane Ai 4 C R 10 is clearly too simple to reproduce the 
rich spectrum of phenomena in nature. In order to recover e.g. the standard model, additional 
structure is needed. One possible origin of such additional structure are compactified extra 
dimensions, as considered in string theory. By considering intersecting branes and compacti- 
fied extra dimensions in the matrix model, it is indeed possible to obtain chiral fermions and 



recover the basic structure of the standard model [15(, adapting ideas from string theory [16 

The main point of the present paper is to show that the geometrical degrees of freedom 
provided by compactified extra dimensions also play a key role for the effective (emergent) 
gravity on such branes. Note that although the geometry of the branes is very clear, the 
dynamics of this geometry has not been well understood, and it is not evident that general 
relativity (GR) is recovered on the brane. A priori there is no Einstein-Hilbert term in the 
matrix model, which should be induced however by quantum effects. Thus an induced gravity 
mechanism is conceivable, but this is delicate. Moreover, the geometrical equations of motion 
are higher-order in the presence of an induced Einstein-Hilbert term, and it is not evident 
what type of gravitational solutions - Einstein or harmonic jij - are appropriate 

On the other hand, the brane carries a Poisson structure 9 ab resp. a 5-field which is 
an integral part of the effective metric, and which moreover constitutes a background where 
(local) Lorentz invariance is spontaneously broken. This breaking of Lorentz invariance is 
almost invisible, since 6 ab is completely absorbed in the effective metric G ab and does not 
explicitly couple to any field at least at tree level [if. Nevertheless, the basic degrees of 
freedom which encode the geometry are not the metric as in GR, but the embedding of 
the brane along with 8 ab . Disentangling these degrees of freedom and understanding their 
significance is far from trivial. 

In the present paper, we exhibit a novel mechanism for gravity on branes with compactified 
extra dimensions M A x /C C R 10 , which is based on the bare matrix model action without 
requiring the presence of an induced Einstein-Hilbert type term. The mechanism is there- 
fore very robust, and is expected to give the dominant contribution to 4-dimensional gravity 
on the brane. Although the brane gravity is not equivalent to GR, essential features of GR 
are recovered, in particular a (partial) relation between the Einstein tensor and the energy- 
momentum (e-m) tensor. The precise coupling depends on the compactification, and we focus 
mainly on the simplest case of Ai A x T 2 in the present paper. Newtonian gravity is recov- 
ered, with an effective Newton constant that is determined by the scale of noncommutativity 
and the compactification. Although the post-Newtonian corrections are anisotropic in this 
simple compactification due to a violation of local Lorentz invariance, we argue that more 
sophisticated backgrounds should alleviate this problem. It then appears possible that a vi- 
able gravity could be obtained in this manner. As a bonus, we will argue that the physics of 
vacuum energy is different from GR, which could have important consequences for cosmology. 
We give an argument that the usual fine-tuning problem associated with quantum mechanical 



3 The relation with string theory is not the main topic of this paper, and we focus on the 4-dimensional 
brane geometry. However we will argue that the bulk should be understood in a holographic manner. 

4 Another rather different approach to obtain gravity from the IKKT model has been proposed in [I]) ■ Its 
significance and relation with the solutions considered here is not clear to the author. 
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vacuum fluctuations leading to the cosmological constant problem should not arise here. 
The mechanism discussed in this paper depends on two crucial conditions: 



1. non- vanishing extrinsic curvature of the embedding Ai = Ai A x /C C R 10 predominantly 
due to K C R 10 , and 



2. "split noncommutativity" [18] where the Poisson tensor 9 ac links the noncompact with 
the compact spaces. This transmutes perturbations of the moduli of K, into perturbations 
of the effective metric. 

Let us discuss this in more detail. In GR, gravity is characterized the intrinsic geometry of the 
4-dimensional space-time manifold, while its specific realization - via an isometric embedding 
or as abstract manifold - is irrelevant. For branes arising as solutions of matrix models, this is 
not the case. First and foremost, the fundamental degrees of freedom are different, given not 
by the metric but by brane embeddings and their fluctuations, as well as a Poisson structure. 



The metric is a derived quantity. One key observation [19[ is that linearized embedding fluc- 
tuations couple linearly to the energy-momentum tensor in the presence of extrinsic curvature 
of Ai C R 10 , leading to (Newtonian, at least) gravity. However this required somewhat ad- 
hoc assumptions. The new observation in the present paper is that the mechanism naturally 
applies for compactified extra dimensions, leading to a (partial) relation between the Einstein 
tensor and the energy-momentum tensor at least in the linearized approximation. Moreover, 
fluctuations of the radial moduli of the compactified extra dimensions /C are transmuted via 
Qab ^ Q 4_di m ensional metric fluctuations. Here /C is in a sense rotating and stabilized by angu- 
lar momentum, given e.g. by a torus /C = T" with light-like compactification. Such solutions 
of the matrix model have been given recently 

It is important to emphasize that the effective gravity is indeed 4-dimensional, even though 
the brane Ai A x /C C R D is embedded in a higher-dimensional non-compact target space. 
This is in contrast to the conventional picture in string theory, where gravity is supposed to 
originate from closed strings which propagate in 10 dimensions, leading to a 10-dimensional 
Newton law. The crucial point is that brane gravity emerges here^l entirely within the open 
string sector on the brane with a non- vanishing Poisson structure resp. B ^ 0, while the 
10-dimensional bulk arises in a holographic manner (cf. jUJ; this can be seen in the matrix 
model at the one- loop level 0,0]). This is very welcome, since one can now discard the vast 
landscape of 10-dimensional compactifications, and study the mini-landscape of embedded 
compactified branes embedded in R 10 , as described by the IKKT model. This is a well-posed 
problem which should have a clear non-perturbative answer. 

Finally, although the backgrounds M 4 xlCc R D under consideration here are at least 
6-dimensional at low energies, they behave as 4-dimensional spaces in the UV due to noncom- 



mutativity 18j. This means that the finiteness of the IKKT model viewed as M = 4 SYM in 
4 dimensions still applies in the UV limit of the backgrounds under consideration, so that the 
model is expected to be UV finite, and without pathological UV/IR mixing. This is in stark 
contrast with commutative SYM and supergravity, which would not be UV complete and 
require a UV completion via string theory. The matrix model approach therefore promises to 



5 This was also realized recently in a different approach to emergent gravity [20(, however their matrix 
model still requires UV completion via string theory. The present model is claimed to be complete. The origin 
for the 4-dimensional behavior is also very different from e.g. the DGP mechanism [22J, which is based on a 
combination of brane and bulk physics without a B field. 
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provide a consistent and self-contained approach towards a quantum theory of all fundamental 
interactions, and might resolve the landscape problem in string theory. This certainly justifies 
further studies. 

This paper is organized as follows. After a brief review of basic aspects of branes in 
matrix models, we discuss in detail perturbations of branes and the associated curvature 
perturbations. The dynamics of these metric fluctuations coupled to matter is derived in 
section 4. Next the compactification is discussed in some detail, and the role of moduli 
as mediators of gravity is exhibited. The effective 4-dimensional gravity is then derived, 
focusing on the case of toroidal compactifications. In particular the background M 4 x T 2 is 
worked out in detail. In section 5 we discuss possible generalizations of the compactification, 
arguing that more realistic backgrounds can be found. However, the study of such generalized 
compactifications is left for future work. 

Throughout this paper, a slightly cumbersome but explicit index notation is used. This 
is done in order not to hide things under the carpet, and a more elegant formulation can be 
given eventually. 

2 Matrix models and their geometry 

We briefly collect the essential ingredients of the matrix model framework and its effective 
geometry, referring to the recent review 0] for more details. 

2.1 The IKKT model and related matrix models 

The starting point is given by a matrix model of Yang-Mills type, 

Sym = -^Tt {[X a ,X b ][X c ,X d } VacVbd + 2* lA [X A ,*}) (2.1) 

where the X A are Hermitian matrices, i.e. operators acting on a separable Hilbert space "H. 
The indices of the matrices run from to D — 1, and will be raised or lowered with the invariant 
tensor t/ab of SO(D — 1,1). Although this paper is mostly concerned with the bosonic sector, 
we focus on the maximally supersymmetric IKKT or IIB model pj with D = 10, which is 
best suited for quantization. Then ^ is a matrix- valued Majorana Weyl spinor of SO(9, 1). 
The model enjoys the fundamental gauge symmetry 

X A ->• U~ X X A U , ^ ->• U~ l ^U , U G U(H) (2.2) 

as well as the 10-dimensional Poincare symmetry 

X A ^K{g) A X\ Va^ZMVp, geSO(9,l), 
X A ^X A + c A t, c A eR 10 

and a M = 2 matrix supersymmetry |lj. The tilde indicates the corresponding spin group. 
We also introduced a parameter Ao of dimension [X] -1 , so that the X A have dimension length, 
corresponding to the (trivial) scaling symmetry 

X A ^aX A , ^^a 3/2 ^, A (2.4) 
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On backgrounds with S = there is also a non-trivial scaling symmetry X A — > aX A . We 
define the matrix Laplacian as 

D<t>:=[X B ,[X B ,^]] (2.5) 
for any matrix $ G C(T-L). Then the equations of motion of the model take the following form 

UX A = [X B ,[X B ,X A ]} = (2.6) 

for all A, assuming ^ = 0. 



2.2 Noncommutative branes and their geometry 

Now we focus on matrix configurations which describe embedded noncommutative (NC 
branes. This means that the X A can be interpreted as quantized embedding functions 

X A ~ x A : M 2n ^ R 10 (2.7) 

of a 2n- dimensional submanifold of R 10 . More precisely, there should be some quantization 
map I : C(Ai) — > A C L(7i) which maps classical functions on Ai to a noncommutative 
(matrix) algebra of functions, such that commutators can be interpreted as quantized Poisson 
brackets. In the semi-classical limit indicated by ~, matrices are identified with functions via 
I, and commutators are replaced by Poisson brackets; for a more extensive introduction see 
e.g. [i|,[23|. One can then locally choose In independent coordinate functions x a , a — I. 2n 
among the x A , and their commutators 

[X a ,X b ] ~ i{x a ,x b } = i9 a \x) (2.8) 

encode a quantized Poisson structure on (Ai 2n , ab ) . These 6 ab have dimension [L 2 ] and set a 
typical scale of noncommutativity A^. We will assume that 6 ab is non-degenerat^|, so that 
the inverse matrix 6~ l defines a symplectic form on Ai 2n C R 10 . This submanifold is equipped 
with the induced metric 

9ab(x) = d a x A d b x A (2.9) 

which is the pull-back of t/ab- However, this is not the effective metric on Ai. To understand 
the effective metric and gravity, we need to consider matter on the brane Ai. Bosonic matter 
or fields arise from nonabelian fluctuations of the matrices around a stack X A ®\ n of coinciding 
branes, while fermionic matter arises from \1/ in (12. lft . It turns out that in the semi-classical 
limit, the effective action for such fields is governed by a universal effective metric G ab . It can 
be obtained most easily by considering the action of an additional scalar field coupled to 
the matrix model in a gauge-invariant way, with action 

,4 A4 



s[<j>] = -^Tr [x A >][x A ,0] ~ J d 2n x^\F^\e aa 'e bb 'g albl d a( pd b( p 

J d 2n x^/\G\G ab d a (t)d b (t). (2.10) 



A 4 
2(2tt) 



3 If the Poisson structure is degenerate, then fluctuations propagate only along the symplectic leaves. 
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Therefore the effective metric is given by [2] 

Q ab = ^aQaa'Qbb' gaibi ^ 

detC ab / Vdet# ab / 

which is very much like the open string metric on D-branes with a B- field jij. Let us briefly 
discuss the scales and dimensions. Clearly e~ a characterizes the NC scaled, and A is related 
to e~ a via the Yang-Mills coupling constant 0] 



Ay = -f- (2.12) 

i/YM 



which governs the SU(n) sector. The transversal matrices resp. their fluctuations (jf = 8X l 
will be considered as perturbation of the embedding, with dimension dim0* = [L\. On the 
other hand, nonabelian fluctuations of the transversal matrices should be viewed as scalar 
fields, via the identification 

ip = S[cf>] ~ J d 2n x^\G\G ab d a ifd b ip. (2.13) 

Then dim^ = [X -1 ], and the energy-momentum (e-m) tensor is recovered correctly. 

The important point is that the metric G governs the semi-classical limit of all fields 
propagating on M. including scalar fields, non-Abelian gauge fields and fermions 0, This 
means that G must be interpreted as gravitational metric. Therefore the model provides a 
dynamical gravity theory, realized on dynamically determined branes M. C R 10 governed by 
the action (12. ip . To understand the dynamics of the geometry in more detail, the following 
result is useful 0]: the matrix Laplace operator reduces in the semi-classical limit to the 
covariant Laplace operator 

□$ = [X A , [X A , $]] e a n G (2.14) 

acting on scalar fields $ ~ <fi. In particular, the matrix equations of motion (12. 6p take the 
simple form 

= DX A e a n G x A . (2.15) 

This means that the embedding functions x A ~ X A are harmonic functions with respect to 
G. Furthermore, the bosonic matrix model action (12.11) can be written in the semi-classical 
limit as follows 



Sym ~ ttt^W / d2nx ^W r \l ah 9ab. (2.16) 



A 4 
4(2tt) 

Here we introduce the conformally equivalent metric 

7 ab = 9 aa ' 9 bb ' g a , ¥ = e a G ab (2.17) 



7 Thus e _cr is dimensionful, and could be made dimensionless by absorbing suitable powers of Ao. However 
we stick to the above conventions to keep the formulae simple. Note also that the scaling dimensions of G 
and g are distinct and rather peculiar for dim.M 7^ 4. This reflects the fact that the trace is related to the 
symplectic volume form. 

8 More abstractly, this can be stated as (a, /3) 7 = (i a 9, ipO) g where 9 — ^9 ab d a A db- 
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which satisfies 



H|/=v^G afc . (2.18) 



Note also that 6 ab db is somewhat reminiscent of a frame, which could be made more suggestive 
in the form 

e< a > = {x a , .} = 6 ac d b , 7 afe = (e (a) , e ih) ) g (2.19) 



cf. [251 ] . However the analogy is somewhat misleading for proper submanifolds, because g a b is 
dynamical and not flat in general. 



2.2.1 Perturbations of the matrix geometry 

Now consider a brane AA 2n C R. D obtained as a perturbation 

X A = X A + 5X A (2.20) 

of some background brane At, defined in terms of matrices X as above. We want to under- 
stand the metrics G ab and g a b on AA as deformations of G ab and g a b on A4. In the semi-classical 
limit, the perturbation can be split into D — In transversal perturbations 6j_X A ~ <p A and 2n 
tangential perturbation 5\\X A ~ A A , defined by 

<j) A d a x A = 0, (2.21) 
A A = A a d a x A . (2.22) 

To make this more transparent, consider some point p e AA. We can assume using Poincare 
invariance that p is at the origin, and the tangent plane T p AA is embedded along the first 2n 
Cartesian embedding coordinates 

x A = (x a ,f) with y% = 0, d a \ p y i = Q. (2.23) 

This defines "normal embedding coordinates" (NEC) x a ~ X a , which can be used both on 
AA and p G AA near p; hence we omit the bar from now on. They are normal coordinates 
corresponding to the connection defined by the embedding metric g. However, we will 
mostly use the connection V = defined by the effective metric G for the following. Then 
the transversal variations are given by the <p A = (0,<p l ), and the tangential variations by 
A A = (^4 a ,0). If the matrix model is viewed as NC gauge theory, then these variations A a 
and (j) 1 can be interpreted in terms of "would-be" U(l) gauge fields and scalar fields on AA; 
this is useful for perturbative computations. The tangential variations lead to a perturbed 
Poisson structure on AA 

e ab ( x ) = 6 ab + 58 ab {x), 56 ab (x) = ¥ c Q M bQ- 1 , (2.24) 

which can be parametrized in terms of the a "would-be" U(l) gauge field 

Serf = F ab = VJA b - V b SA a . (2.25) 



8 



The transversal embedding perturbation 5±X A ~ (f) A satisfy the constraint (12.211) . which 
implies 

d b( j) A d a x A = -cj) A V h d a x A = -<\> A K A . (2.26) 

Here 

K A = W a d b x A = K A (2.27) 

is the the 2nd fundamental form, which characterizes the exterior curvature of M. C H D , and 
will play a central role in the following. Notice that K A b takes values in the normal bundle 
NM provided V c 9 ab = (since then the connections defined by the induced and the effective 
metrics on M. coincide, so that d a x A V b d c x A = 0). The metric fluctuations are obtained as 

g a b = 9ab + Sg ab , 

Sg ab = d a <p A d b x A + d a x A d b <j) A = -2<j) A K A , (2.28) 

7 »6 = -ah + 5l ab^ 
§1 ab = Qa C Qbd 5gcd _Qac Fccil bc< _Qbc Fcdl ac'^ ^ ^ 

5a = ^{G ab 5G ab + 6 ah F ab ) = --L— ^Sg* + 9 ab F ab ), (2.30) 

using (12. lip in the last equation. There are also quadratic terms in <fi, F which are omitted. 
Hence the perturbation of the effective metric G ab is given by 

SG ab = e- a 5~f ab - G ab 5a 

s~iab 

= -2e-^ aa 'e bb 'U^K A 4> A - 6 ac F cd G bd - 6 bc F cd G ad - — _ - (OF) (2.31) 



using the abbreviations 



(OF) = ab F c 



ab 

cd 



TTcd red gabg 

n afe = 5 ab - ^- T) . (2.32) 
2.3 Curvature perturbations 

Now we take advantage of the special coordinates x a ~ X a , a = 1, ...,2n provided by some 
suitable subset of the matrices X A , for example the NEC defined above. The equations 
of motion \3X a = in vacuum implies that these coordinates satisfy the harmonic gauge 
condition, 

~ D G x a = -T a = IGJ-^d^^G^G^). (2.33) 
For the metric fluctuations h ab = 5G ab this implies the harmonic gauge condition 

d b h ab - l -d a h = 0. (2.34) 



Then the perturbation of the Ricci tensor around a general background [26 



5 Rob = -\^ a d b h - \u G h ab + V {a V d h b)d + R c ab d h cd + R c a h bc + R c b h ac (2.35) 



9 



simplifies as 

S h R ab = ~n G h ab +0(R). (2.36) 



Similarly, the perturbations of the Einstein tensor Q ab = R ab — \G ab R can be written as follows 

SQ ab = -)p G (5G ab - l -G ab (G cd 5G cd )) +0(R). (2.37) 
Noting that 5G ab = —G aa >G bb i5G a ' b ' while 5Q ab is a tensor, this can be written as 
SG ab = ~ (p G 8G ab + ^G ab U G {G cd 5G cd )) + O(R) 

= ~ (□ G ( e - CT 57 afe - G ab 5a) + G ab n G {5a - + 0{R) 

= l - (e~-n G Sj ab - l -G ab n G (6F)) + O(R) (2.38) 

using (I2.30p . assuming a = const for the background. We will mostly using this equation for 
a locally adapted flat background, corresponding to normal coordinates. Then the curvature 
corrections drop out, and this relation allows to compute the full Einstein tensor. 

3 Gravity on higher-dimensional branes 

To understand how matter affects the geometry, we now study the dynamics of these geometri- 
cal modes. The goal is to show that the vacuum geometry is Ricci-flat to a good approximation, 
and matter couples to the Einstein tensor in a way similar to general relativity. 

Assume M. C is a brane as above, described by X A ~ x A . Unlike in general relativity, 
the dynamics is governed by the effective action (I2.16p . where the geometric perturbations 
can be organized into transversal and parallel fluctuations 5j_x A = 4> A resp. 59~ b = F ab as 
above. We expand the action (12.161) in (f) A and F ab . To first order, one obtains 



F] = J d 2n x^\G\(2F ab (e°G bc 6- d l G da - \d ab (G ■ g)) - ^ A K A G ab + \y A d a x A 

(3.1) 

where (G ■ g) = G cd g c d- Now we take matter into account. Physical fields and matter arises 
in the matrix model from nonabelian fluctuations of the bosonic matrices X A around the 
background, and from the fermionic matrices Since they couple in the standard way to the 
effective metric the variation of their action with respect to fluctuations of the geometry 
can be written aa 



^matter = 7^77^ / ^ T ab 5G ab (3.2) 
2(27T) n J 



9 Notice that there is no scale factor Ao; it is absorbed in T ab upon recasting the nonabelian fields into 
physical form, introducing dimensions as in (|2.11[) . The normalization is chosen to avoid factors 2-7T later. 
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where 6G ab is given by (12.311) . To obtain the equations of motion for the geometry, we need 
the variation of the matter action 

J d 2n xVGT ab 6 (f) G ab = - j d 2n xVGct>A (e-°T ab 6 aa '6 bb 'n%K*) 

J d 2n xVGT ab 5 A G ab = J d 2n x VG 5A d (2T ab V b 6 da + e" a e ac V c (e a T ab )G db + ^j9 cd V c T) 

where T = 7 ab T a fc, dropping a term proportional tc0 V a T ab , and using the identity j3[ 

V a (e- a e ab ) = 0. (3.3) 

Instead of writing an equation for 9 ab in the form V d (e°"^ 1 ) — jG bc 6 ab d a (G ■ g) = 0{T) as in 
[3], it is more useful to rewrite S^[4>, F] using the identity (IB.9P as 



S (1) [F] = j0^j d 2n x (A a V b (yf\G\G bc T!r i d da )) 



(3.4) 



where T geom is defined in (IB.5[) . We then obtain the equations of motion 

G ab V { a 9) V { b 9) x A = -Ao 4 e- a K A U c J bf e aa 'e bb ' T ab , (3.5) 

G ce V[ 9) e- b l = Aq 4 e-° (2T ae G ec V c 9 da G db + e~°6 ac V c {e a T ab ) + -^-^-G bd 6 cd V c t) , 

(3.6) 

which are valid for arbitrary geometries. Note that (13. 5p relates the mean extrinsic curvature 
K A = G ah K A b to the energy-momentum tensor. As usual, the Maxwell-like equation (13. 6p 
implies via the Bianci identity a wave equation 

G ab V^V { b 9) 6j = V c J d - V^G ab V b 6-J - ( c d) + 0(R[g}) (3.7) 

where J a is defined by the rhs of (|3.6|) . 



3.1 Perturbed flat branes and linearized gravity 

Now recall the two possible interpretations of the matrix model: A) as model for branes M. 
whose geometry is determined by 0* resp. F^ u , as discussed above and B) as a NC field theory 
on some given background, where (j) 1 resp. F^ v are interpreted as [/(l)-valued fields on a given 
background M.. Let us now use B), which is more useful for the perturbation theory, and 
sufficient as long as the perturbations are small. As explained below, this can always be done 
by choosing a locally adapted background. 

Thus consider some intrinsically flat background solution x A : M. R 10 of the bare matrix 
model without matter, which satisfies Clx A = 0. We can furthermore assume V ( - 9 - ) ^ a6 = for 
the background solution without matter, since the intrinsic geometry is assumed to be flat; 

10 The usual form of the conservation law is assumed, although it might be slightly modified in the NC case. 
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this implies V (s) G = = da, hence V (ff) = V (G) = V. We have in mind M = M 4 x T 2 , 
as given explicitly in sector H~2"l Now add perturbations Q^ 1 = 0~ l + F, x A = x A + <p A . To 
derive the equations of motion, we need the second order variation of the action (I2.16P on this 
background M. , given by 

S (2) [<P, F] = -^Jd 2n x^\[e a G aa> G w F ab F a , b , + 2G ab d a( p A d b <p A + 2^ A m\ B <\> B 

+ A6 ac F cd G db (t> A K A ^ + S cs (3.8) 

where 

m 2 AB = 2K A aa '0 bb 'K% (3.9) 

using (12.291) . and A a are Lagrangian multipliers which implement the constraint (I2.2ip . The 
"would-be topological" term0 [II] Scs ~ / p(F AF, AO) - \(0 ->■ rjO) is only relevant for the 
propagating gravitational modes considered in section I3T3~| and can be dropped for V0 ab = 0. 
The term 

S mix = J d 2n x4G0^F cd G db <\> A K A h 

= J d 2n xVGT ab [4>] 5 A G ab = j^- j d 2n xVGT ab [F] 5^G ab (3.10) 

mixes the tangential and transversal perturbations, and can be written as a coupling to some 
effective induced energy-momentum tensors 

T ab [(t>} = ~A 4 64,90, = A 4 ct> A K A , T ab [cf ) ]G ab = 

T ab [F] = ^A 4 F ad db g db + (a b) + ^A 4 G ab (F cd de g ef G fc ) (3.11) 
using the background equations of motion. We can then write {<p, F] as 

^ (2)[0,F] = ~(2Vr / d2nx ^\{ A dG da G hc V c {e a F ab ) + <f> A ( Vab D - m 2 AB )<t> B ) + S mhc 

using (12.311) . Note that r] A B will be positive for the transversal fluctuations (f) A , so there is no 
stability problem. This gives the equations of motion 

D<j> A + m% B if°f = -A " 4 e-°K A n cd b ,0«'«O b ' b T^ F (3.12) 
\7 b F ab = 2A 4 e - CT (^ c V c T^ + ^ 

where 

T£ +4> = T ab + T o6 [0], f^ +F = T ab + T ab [F]. (3.13) 
11 A simplified derivation of Scs could be given along the lines of section 4 in (27j . 
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This implies again a wave-equation via (1371 

QF = VV(T + T[0]). (3.14) 

Given such a solution, we can switch to the point of view B), and interpret these solutions 
in terms of a perturbed brane M. with deformed geometry. We can compute its curvature by 
inserting the solution into the expressions (I2.38P for the linearized Einstein tensor, noting the 
harmonic eaug S condition flCTj) . This gives 

sg ab = Ssg ab + 5 F g ab 



-9 ac G bd UF cd - -9 bc G a ''" ' • ' 
2 2 

•\ab\cd rri < p~\[\-!\7 1 'T i TTJ.INX i fi^f I J. TP\2 



a e ac e bd K^ d U(j) A - -e ac G bd uF cd - -e bc G ad uF cd - -G ab (e cd uF cd ) 



= V ab ' cd T cd + O(VV(T + T[0])) + O((0,F) 2 ). (3.15) 

The quadratic terms 0((<f>, F) 2 ) are negligible compared with the linear ones, assuming that 
K^ b is large for compactified branes. As explained in the next section, one can (and should) 
always choose a locally adapted background with F\ p = 0, hence the T[F] was dropped. The 
tensor 

T>ab;cd a —4 „—2o ■ naa ' nbb' f> -rrc"d" nc'cnd'd /o t a\ 

V = A e 6 A a / fe / ;c // d //ll c , c , (3.16) 

Gryab /~ic! c /~id! d 

Gn = Aq 4 r^ 2 (3.17) 

governs the coupling of T a b to the Einstein tensor. Here 

K ab] cd = V a d b x A V c d d x A = 0{r K 2 ) (3.18) 

can be interpreted as extrinsic curvature of M. C R 13 , as discussed appendix A. These equa- 
tions amount to modified 2n-dimensional linearized Einstein equations 

5Q ab = G N P" d T ab + O(VV(T + T[0])) . (3.19) 

Gn plays the role of the effective 2ro-dimensional Newton constant, determined by the extrinsic 
curvature scale K a ^ cd ~ r^ 2 and the NC scale. It will reduce to ~ in 4 dimensions 

We will argue that the transversal perturbations <fi provide the leading contribution to 
gravity, in particular Newtonian gravity. On the other hand, F describes perturbations of the 
Poisson structure 9 ab , which determines the local orientation of the effective frame (I2.19p . We 
can get some more insights by noting that the coupling (13 .2p to matter and therefore the mixing 
term can be interpreted as coupling to a dipole density as in electrodynamics, determined by 
T ab bc pf. Thus the matter contribution to F can only lead to dipole and higher multipole 
metric deformations, and might moreover be averaged out in suitable compactification^£|. In 
that case, GR would be recovered. On the other hand, Ricci-flatness in vacuum might be 
violated due to 5pG ab = 0(VVT [</>]) ^ unlike in [3lj]. This might be relevant for "dark 
matter", which at present is nothing but an unexplained deviation from Ricci-flatness. 

In any case we will simply omit the contributions from F in this paper, leaving a detailed 
investigation for future work. 



12 its validity in the presence of matter will be clarified later. 

13 For example, all Lorentz-violating tensors such as (9 ab ) — might be averaged out upon compactification, 



reducing correlators such (-P c a d ) 7^ to their 4-D Lorentz-invariant averages. 
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3.2 Locally adapted backgrounds and gravity 

We now study general brane geometries at the non-linear level. The idea is to consider the 
space at any given point p 6 Ai as perturbation of some locally adapted, intrinsically flat (but 
not extrinsically flat) background Ai in terms of transversal and tangential perturbations 

x A = x A + e-j = e-J + F ab , 

<P\ = = F\ p , (3.20) 
Since Ai is intrinsically flat, 9 ab \ p can be extended on Ai such that 

V {9) 6-^ = V i9) G = = da (3.21) 

implying that G is covariantly constant on Ai, so that = = V. It follows that the 
Laplacian on At is unique 

□ = G ab V a V b (3.22) 

Ai is the noncommutative analog of a "free-falling" frame, exploiting the background inde- 
pendence of the matrix model. However, there are many possible backgrounds Ai C R 10 
which are intrinsically flat but have different extrinsic geometry: one could simply choose 
the tangent plane Ai = T p Ai, or one can try to match also the extrinsic curvature of Ai 
with Ai by fitting e.g. a cylinder or a cone. The latter is clearly more appropriate, because 
then a linear analysis of the corresponding perturbations 4>a suffices to compute the curvature 
perturbations, due to ( 12. 28ft ; this will become clear below. Now the Gauss-Codazzi theorem 
K a b-,cd — Kbc-,ad = Racbd[g} tells us that we cannot expect to match the extrinsic curvature 
completely. However, in the case of compactified extra dimensions such as Ai = Ai 4 x T 2 , we 
can require that 

K A b ^K A b and K A = Dx A = (3.23) 

This implies that the intrinsic geometry of Ai is nearly flat while the extrinsic curvature has 
large components, which is exactly satisfied for compactified branes. 

We are now precisely in the situation of section 13 .ll for linearized gravity. The perturbations 
4> A ,F viewed as U(l) perturbations on Ai must satisfy the equations of motion f)3.12p . since 
Ai is intrinsically flat. We can then switch to the point of view B), and interpret these 
solutions in terms of a deformed brane Ai with perturbed geometry. Its linearized Einstein 
tensor is obtained as in (I3.15p . where we assume 14 ! that K A h = which is satisfied e.g. on 
cylinders. This actually computes the full Einstein tensor at p G Ai since Ai is flat. Since 
p £ Ai was arbitrary, we obtain the modified 2n-dimensional Einstein equations 

gab = GN pab T ab + o(VV (T + T[<j>])) + 0(((f>, F) 2 ) . (3.24) 

where 

V ab;cd = A -4 e -^0^'0bb' Kalb , ]c ,, d ,, U c-d'' e c'c d d'd (3 ^ 
/~i Tjab /~<c'c/~id'd 

G iV = A 4 ^ 2 (3.26) 

14 cf. section \57Z\ for a discussion of the general case. 



14 



Note that we tacitly replaced K A b by K A b , which requires f !3.23|) to hold. 

Let us contrast the above considerations with general relativity. The crucial difference is 
that (j) A are fundamental degrees of freedom here, governed by the wave equation ( I3.12p . Those 
associated with extrinsic curvature K A b ^ couple linearly to T and thus mediate gravity, 
while the others couple to T only at the non-linear level and should therefore play a less 
significant role. This mechanism seems unavoidable for compactified branes in matrix models, 
and must play a significant role for gravity on such branes. However, this does not imply that 
linear perturbations give the full story, as indicated by the quadratic terms 0((<fi, F) 2 ). At 
the non-linear level, there are embedding deformations called "gravity bags" in [19J. They 
may lead to long-range modifications^] of gravity, possibly relevant to galactic or cosmological 
scales. 

The bottom line is that the energy-momentum tensor contributes linearly to the Einstein 
tensor in the "semi-classical" matrix model, even without invoking any quantum corrections or 
induced Einstein-Hilbert terms. Transversal brane fluctuations are identified as prime carriers 
of gravity (possibly along with others), which in the presence of compactified branes couple 
linearly to matter. Ricci-flat vacuum geometries arise provided the VVT[</>] contributions can 
be neglected, but this is not necessarily the case. This link between curvature and the e-m 



tensor was missing in the earlier related works [19|, |25|, [3l| , which are now part of a possibly 



viable mechanism of emergent gravity scenario in matrix models. 
3.3 Gravitational excitations. 

Let us briefly discuss the propagating geometrical modes (i.e. the analogs of gravitons) in the 
absence of matter. Although the mixing term S m [ x prevents a full understanding at present, 
we can tentatively distinguish three different types of modes: 

1) transversal modes corresponding to moduli of the embedding, which couple to the 
extrinsic curvature and therefore to matter as discussed above. Only the massless moduli 

defined in (I4.22p can contribute to long-range gravitational modes. These are quite 
analogous to standard gravitons (in harmonic gauge!), and indeed we obtain typically two 
such propagating modes, corresponding to the two embedding moduli of the compactifications 
T 2 and S 3 x S 1 . However they will presumably mix with some F degrees of freedom in a way 
which remains to be clarified. 

2) transversal modes 4> A which do not correspond to extrinsic curvature directions, i.e. the 
remaining transversal modes of M 4 x /C C R 10 . These are completely sterile at the linearized 
level, and might be viewed as massless scalar fields. However, they may become interesting 
at the non-linear level, describing embedding deformations called "gravity bags" in (l9| . 

3) the 2n — 2 tangential modes corresponding to the "would-be gauge fields" F ab . Two of 
these are absorbed in the scalar fields e~ a and r] ~ G ab g a b (somewhat reminiscent of dilaton 
and axion), and some may be contributing to the physical gravitons as pointed out above. 
However, their precise 4-dimensional meaning and possible relation with well-known modes 



such as gravitons, dilatons, or galileons [32[ remains to be clarified. 

Up to now, we have been studying the 2n-dimensional geometry of Ai. In order to un- 
derstand the effective 4-dimensional gravity, we consider in the next section compactified 



15 The analysis in [19[ is based on a somewhat different scenario using a complexified Poisson structure and 
needs to be adapted, but qualitative features are expected to carry over to the present framework. 



15 



backgrounds in more detail. Then we will indeed obtain 4-dimensional gravity (at least for 
toroidal compactifications), and identify the effective 4-dimensional Newton constant. 



4 Compactified branes and 4-dimensional gravity 

We have seen that the coupling of gravity to matter requires the presence of extrinsic curvature. 
Let us therefore discuss in more detail branes with compactified extra dimensions 

M 2n = M A x JC C R D (4.1) 

where the extrinsic curvature is predominantly due to K, C M, D , while the embedding of M. A 
is approximately flat. Such solutions foi0 JC = T 2 , JC = S 2 x S 2 and JC = S 3 x S 1 were 
given recently [18j. While the induced metric g ab on JC is space- like, the effective metric G ab 
on JC is degenerate or has Minkowski signature, corresponding to light-like compactification. 
This is possible because of "split noncommutativity", where the Poisson bi-vector relates the 
compact space Ai A with the non-compact space JC, 

rt » A ^^4 A | + - (4 - 2) 

where x M are coordinates on Ai A and y % are coordinates on JC. Such a structure is realized e.g. 
by the canonical symplectic form on the cotangent bundle T*JC. If JC has dimension 4, then 
A4 A might even be isotropic, x u } = 0. Now recall that metric variation due to embedding 
fluctuations is given by Sg ab = —^4>AK^ b f)2.28p . For the present type of background, this 
implies that only the perturbations 4>a of the compactification JC couple to matter, while 
the perturbations of flat M 4 C R 4 decouple. Remarkably, such perturbations of JC lead to 
perturbations of the effective 4-dimensional (!) metric on M 4 due to split noncommutativity, 

5K{l ah d a ®d b ) « ai 9 b i5g* : j d a ®d b = 6^d a ®d b d^®d v (4.3) 

assuming 9^ 0, in self-explanatory notation. This will be elaborated in detail below. 



Constant curvature compactifications and moduli. To make this more explicit, we 
assume that 

JC = X;/C w C E D (4.4) 
is a product manifold with constant exterior curvature, in the sense that 

V a V b x A = Ki = ( 4 - 5 ) 

i * 

Here is the induced metric on JCi with radius r^. This holds e.g. for JC = T n = XjS ^ or 
JC = S n , which suffices to understand the mechanism. Following the discussion in section |3T2"| 
we choose at any given point p G M. A a locally adapted intrinsically flat background cylinder 

16 The intrinsic geometry of the solutions denoted S 2 x T 2 and T 4 in 18] is in fact S 3 x S 1 . 
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5ri\ p = = F\ p leads to 



or cone) T V M. A x /C with constant radii and V9 = 0. Perturbing the radii and F such that 



where 



^ = -^4) (4-7) 

10 



denotes the radial moduli of the /Q, which play the central role in the following. Then 
^ = 2^-^755 +0(F) 

i 



da 
where 

Then 



7§ = 7g = (4-9) 



□5 7 afe = 2^-Q$r i7 $ + (4.10) 

' i 

i 

using V 7 £\ = by the above assumptions. The equations of motion for these radial moduli 
8ri are obtained from (13.121) 

riA-r - r~ a T gaa'nbb'TTcd U) _ ^0 4 T -a ( 'ab dim /Q b \ (A11\ 

U6r i ~~^~ e IabU U VV a'b'9cd ~ — J abe - _ 7 J. (4.11J 

while the story for F is as before and will not be repeated. Here gcdgfy = g^i 9(f) = dim/Q, 
since the embedding of /Q is assumed to be orthogonal to .M 4 (and possible other JCj). Switch- 
ing to the geometrical picture, these perturbations correspond to metric perturbations with 
2n-dimensional Einstein tensor (I2.38|) 

gab = e -a -^DaSn - \G bd e ac UF cd - \G ad 6 bc UF cd + -G ab (9 cd UF cd ) + 0(5 2 ) 

T{ Z Z 4 

% 

= V ab-,cd Tcd + o(A 4 \7V(T + T[<f)})) + O(5 2 ). (4.12) 

This holds for toroidal compactifications M 4 x T 2m , and 0(5 2 ) stands for quadratic contribu- 
tions in the perturbations. Here V is given by 

p =A ° e l^^M^-z^T) 1 )■ (413) 
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4.1 Effective 4-dimensional gravity for toroidal compact ificat ions 

To obtain the 4-dimensional Einstein tensor, we simply perform a dimensional reduction along 
/C. This leads to the effective 4-dimensional metric as derived more generally in section |5l 

Gf^ = e~ a4 y v (4.14) 

where the normalization e~ ai plays the same role in 4 dimensions as e~ a does on A4 2n . Then 
the 2ro-dimensional Laplacian □ can be related to the 4-dimensional Laplacian as follows (cf. 

dLED) 

□ (4) = G^V.V, = e-^U (4.15) 

if acting on tensor fields that are covariantly constant on /C. We can then repeat the above 
computation leading to (I4.12p for G% on M 4 , replacing □( 4 )£r i by D5ri and subsequently using 
(14.1 ip . The harmonic gauge condition still applies in 4 dimensions (j5.10p . and we obtain the 
following equation for the effective 4-dimensional Einstein tensor 

G% = V^ cd T cd + O(A 4 VVT) + 0(5 2 ) (4.16) 

wherd^l 

vm cd _ A -4 -2<x 4 >p J_ HV ( cd _ dlK1 ^ cd \ 1? x 

This is similar to the 4-dimensional Einstein equations. In particular, these metrics are Ricci- 
flat away from matter sources, up to non-linear corrections in the strong gravity regime. We 
keep the 2n-dimensional T a ^ for the sake of generality, but for most applications the e-m tensor 
will be 4-dimensional. The effective 4-dimensional Newton constant or the Planck length is 
determined by the compactification scale r^ 2 as well as Anc analogous as in (13. 26 p . 

G w = Ao 4 r~ 2 = g 2 YM e a4 r- 2 . (4.18) 

Here 

-J— = Ke ai (4.19) 
9ym,4 

is the effective four-dimensional gauge coupling in analogy to (I2.12p . and e _<74 is related to 
the noncommutativity scale. This will be elaborated in more detail for M 4 x T 2 below. 

We conclude that the radial moduli of /C describe perturbations of the effective 4- 
dimensional metric encoding at least part of the gravitational degrees of freedom. Since 
they couple linearly to the energy-momentum tensor, Newtonian gravity is recovered, as elab- 
orated below. This is a remarkable mechanism, which offers an unexpected solution of the 
moduli stabilization problem in matrix models. However, some of these moduli may become 
massive due to fluxes: 

17 Notice that (|4.12l) makes sense as tensorial equation both on M^ 2n > and on M 4 . However, the 2n- 
dimensional metric does not preserve M 4 , and any other form of (|4.12l) e.g. in terms of T ah would not restrict 
to M 4 . 
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Flux compactifications and moduli stabilization. In the presence of fluxes on /C, some 
of the embedding moduli of /C C R 10 are stabilized by the effective mass m\ B (13.91) . To see 
this, recall the quadratic action ( 13. 3 p in the case of the product compactification as above. 
Then 



m 



' i 1 j 

1,0 

This means that the radial moduli bti are long-range propagating modes (gravitons) in the 
absence of flux, but may acquire a mass in the presence of a flux on /Q. Note that the flux 
gab ma y connect different /Q, which happens e.g. for fuzzy tori ~ S 1 x S" 1 C R 4 . In that 
case the mass term 

m\ B ^4> B = 29f 12) ^ ^ (4.21) 
y ' ri r 2 

has indefinite signature, so that compactifications on tori with fluxes are unstable. Therefore 



fuzzy cylinders corresponding to tori without fluxes as studied in 18j are preferred. Then 
the massless modes Sti are the radial modes of the cycles, which may vary along Ai A . More 
generally, we can diagonalize m\ B by some ^-dependent SO(D — 4) transformation, 

m 2 AB = ® i m 2 l) 5%. (4.22) 

The condition m%\ = determines massless moduli fields bvi among the transversal perturba- 
tions 4> A . Since they do not couple to a flux on /C, the fluctuations of the metric due to these 
massless moduli are along the non-compact M 4 as in ( 14.3 j) . due to split noncommutativity 

hp a ®d b = 5^8,® U . (4.23) 

Note that the above mass term also applies to the nonabelian scalars. Therefore a flux on K, 



typically leads to SUSY breaking, which is well-known in string theory (see e.g. |28|). If /C 
is 4- dimensional, then there should be no flux on /C if the two transversal degrees of freedom 
are to remain massless. These issues are discussed further in section [5j 

4.2 Explicit example: M 4 x T 2 

Let us work out the above results explicitly for the case of compactifications on T 2 , 

M = R 4 xT 2 cR D . (4.24) 

We can assume that the non-compact R 4 is embedded along the 0, 1, 2, 3 directions. To obtain 
R 4 x T 2 C R 8 , we start with two fuzzy cylinders (U4,X 2 ) and (U5, X 3 ) with NC parameter 
K(4,5) and radii r 4j5 defined via 

[U 4 ,X 2 } = k 4 U 4 , [U 5 ,X 3 ] = k 5 U 5 , 

UiUj = r 2 , z = 4,5. (4.25) 
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We can make them rotate along a two-dimensional non-commutative plane 



i0^ v , /j, = 0, 1 (which commutes with the cylinders) as follows 18 



X J 



X ' 1 
X 2 

X A + iX b 
\X 6 + iX 7 J 



x^ 



JJ e «M -A 



U 4 e 
h 



(4.26) 



These are solution of the matrix equations of motion 



UX J 







if 



no sum over % 



(4.27) 



provided [k^X 1 ^, k^X u ] = 0. These solutions describe R 4 x T 2 where the torus rotates along 
the non-compact space, and is stabilized by angular momentum. Note that the only non- 
vanishing 4-dimensional component of 6^ u is 9 01 ^ 0, where x° is time-like w.r.t. g a \>. This is 
essential to obtain an effective 4-dimensional metric with Minkowski signature, as we will see. 
Moreover, this 6-dimensional solution behaves as a 4-dimensional (!) space R 2 x T 2 in the UV 



181 ]. such that the IKKT model is (expected to be) perturbatively finite on this background. 



Semi-classical analysis. To gain more insights into this solution and its effective metric, 
we consider the semi-classical limit. Then the above solution can be described in terms of 
a 6-dimensional plane compactified on a 2-torus. Consider 6-dimensional coordinates = 



(a^,£ 4 ,£ 5 ), and U 4 ~ r 4 e* c and U 5 



r 5 e 



iC 5 



Then (14.261) can be written in a compact way as 



.r 1 = | r 4 exp(i(4 4) ^ + C 4 )) 
K r 5 exp^fcJV + C 5 )). 





( X» \ 


H 


r 4 exp(i£ 4 ) 




\r 5 exp(i£ 5 )/ 



(4.28) 



(dropping constant phase shifts). The tori are compactified along the 6-dimensional momenta 

fcW = (fcf 4)> l,0), k^ = (k^,0,l) (4.29) 



"(5)' 



in the (x^X 1 ) coordinates, or along £ 4 ,£ 5 in the £ a coordinates; the latter are more useful 
here. The Poisson tensor can be written as 



gab = £by 



Of course we could admit more general $ 45 . Here the no-flux condition # 45 
imposed, which amounts tc@ 



/ 





c 










n\ 




— c 





























1 






















1 








-1 











V 









-1 





0/ 



\z\z 5 } 



4 ■ 5 

X + IX , 



x 6 + ix 7 . 



(4.30) 

is already 
(4.31) 



18 this leads to a constraint on and fc^ in (|4.28[) . 
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The embedding metric is obviously flat, given by 

gab = (V^, 4?r 2 rf <%) = diag(-l, 1,1,1, 47r 2 r 4 2 , 4vr 2 r 5 2 ) (4.32) 

which is diagonal in the £ a coordinates. Therefore = 6 ab db defines a frame (12.191) of 
orthogonal (but not ortho normal) tangent vectors on R 4 x T 2 , which satisfy 

1 



(e« e»>) G 



r\aa nob 



e°g ab 



' 47r 2 r, 



2 "ij 



(4.33) 



Note that the effectively time-like vector = c6d\ + ... is pointing along x l (rather than x°\) 
and is wrapping the torus. The 6-dimensional conformal metric is given in £ a coordinates by 



/ 



7 



ab 



naa nbb' 



° 7 (4-d) 




-c&l 

-c4 





-c4 







-c0l -ctf° 
-c&l -c&\ 


i - (-&1) 2 

-1^5 + 


+■ m 2 


1 - (#°) 2 





In particular the metric G ab of R 4 x T 2 is also flat, but it is not a product metric: T 2 is not 
perpendicular to R 4 . This must be so, because the compactification must be time-like and the 
4-dimensional space must have Minkowski signature. However, all we need for 4-dimensional 
physics is the 4-dimensional metric, which is given by 



U (4) 



7 



[IV 



e^ a 6 ub g ab = 9 2 diag(c 2 , -c 2 , 0, 0) + e (4)/i e (4)iy 4yr 2 r 2 + e (5)/i e (5)iy 4vr 

_ e (0)M e (0), c 2 + e (l)M e (D- c 2 + e (4)M e (4), 47r 2 r 2 + ^5)^(5), ^2 



2„2 



■ 4 -ro c ,„ , 5 (4.34) 

which is clearly non-degenerate with Minkowski signature. The for z = 0, 1, 4, 5 form an 
orthogonal (but not orthonormal) frame for the effective 4-dimensional metric, where is 
time-like and the others are space-like. Explicitly the 4-dimensional frame is 

e (5V = Q ^ + ^ 6 (o)m = ^ ( 435 ) 

where e*- 4 ' 5 -' ^ only for 4-dimensional indices a — Y pi — 0, 1, 2, 3. The equations of motion 
= reduce to 








G 44 oc 1 



«) 2 + (tf U2 



4; 1 

1\2 



g oc i-«r + (^) 



expressing the fact that the compactification is light-like. A possible solution is 

0° = 1 = 0°, 0i = = 0* 



0(1,0,1,0), 



0(1,0,0,1). 



(4.36) 



(4.37) 



The conformal factors are determined by (15. 4p 



u6 1 



ab\ 



v 



G 



(4), 



^oV 1^117^1 
where V = L 2 d^d^ 5 = (27r) 2 in the £ a coordinates. 



(4.38) 
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Metric fluctuations. Now we can illustrate the mechanism for gravity. Consider transver- 
sal fluctuations cf) A = 5x A around the above toroidal background z % = exp i^, i = 4, 5 as in 
section 12.2.11 We will use a linearized approach here, avoiding to use locally adapted cones, 
and tangential perturbations F will be neglected. Then the transversality constraint (I2.2ip is 
identically satisfied by the ansatz 

5z i = ft = —Sn, % = 4,5 (4.39) 

n 

in complex notation. These radial fluctuations Sri lead to metric fluctuations 
Sgu = -2<p A K£ = Sir^n , i = 4, 5 (no sum), 
Sl a b 5r , = J- 5^ = 8vr 2 (efoefo r 4 <5r 4 + efoefo r 5 5r 5 ) 

i=4,5 

6G ab = e- a 5Y b - G ab 5a (4.40) 

where 

5a = ~ g ab 5g ab = i (r^Sr 4 + r^5r 5 ) (4.41) 

Note again that c>7 ab <9 a Cg> d b = dj^d^ ® d u affects only the 4-dimensional metric on R 4 , in 
accordance with ( 14. 3p . Hence the 5ri become two space-like metric degrees of freedom ( 14.341) . 
governed by the effective action (13. 8p . (13. 2p 



S~ [ ^\(AtG a %<j> A d b <t) A + ~T ab 5G ab ) 
Jm 6 ^ 

J Mi i=4,5 

= / ^(AS^^Mfri + JVG;;) (4.42) 

dropping the mixing contributions S m i x for simplicity. Here we note that 

G^dadriz^d^g =0 (4.43) 

using the on-shell condition G 44 = G 55 = 0, and furthermore rn 2 AB = since there is no 
flux on T 2 . We restrict ourselves to the lowest KK modes <5rj = 5ri(x^\ and assume T^ v is 
4-dimensional. The perturbation of the effective 4-dimensional metric i a 19 l 

8G% = e-'H-r - G^5a 4 
Sa 4 = -7 M ^7^ = r^Sn + r^8r 5 (4.44) 
using (I4.38p . Therefore we obtain the equations of motion for 5r,i 

KtP^n = T^efoefo 4vr 2 e-^n - T^e^±- = T^e^ - \ T \ . (4.45) 

19 The attentive reader may notice an apparent mismatch between the trace contributions from the In- and 
the 4-dimensional point of view in (|4.42[) . which will be resolved in the next section. 
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Note that the dr^x) are indeed massless moduli, reflecting the fact that the on-shell condition 
(14.361) is independent of the radii ty This leads to the following equation for the 4-dimensional 
linearized Einstein tensor 

w% = E h(^ 5ri = v ^ pa T ^ (4 - 46) 

' i 

in agreement with ( 14. 16j) . setting F = and taking into account (15. 6p . Here V is given 
explicitly by 



I (4) 



V^E^Tf^TS-^T^)- (4-47) 



For T^ u = 0, we obtain indeed 2 propagating gravitational degrees of freedom encoded in Sr^ 
and 5r 5 . The coupling to matter will be studied next. To simplify the expressions, we will set 
r 4 = r 5 = j- = r K from now on, so that the NC scale is defined appropriately as = Itit^Q 
in the parametrization ( I4.30p . Then we find from (I4.38P 



VoV\n=^c^ 2 , V^T^^Anc, e-=A^r^ (4.48) 

so that the Newton constant is obtained as in (14.181) 

G N = 2^ A r- K 2 = 2e^g 2 YM r- K 2 = 2g 2 YM A^ 2 c (4.49) 

up to factors of order 1. Remarkably, the compactification radius r K drops out, and the 
4-dimensional Planck scale is set by the noncommutativity scale and the gauge coupling 
constant. 

Gravitational field of a point particle. Now consider a point mass m on the above 
background, moving along a time-like straight trajectory v, with a localized energy-momentum 
tensor T^ u oc mv fl v u and v 2 = G^v^v u — — 1. We can go to coordinates where the particle is 
at rest located at x = 0. To obtain the effective metric perturbation caused by m, we solve 
equation ( I4.45P 

n {4) 5n = A {3) Sn = m Aq 4 — (v 2 (i) + -) <5 (3) (f), v (0 = (e w , v) G . (4.50) 

For simplicity we assume that vm, Dry ~ 0. Then the solution is 

Sn(x) 2 1 m 1 m 

e 5ymtr = "o^T^" (4-51) 



This means that the radius of the torus decreases in the presence of a mass, and the classical 
Schwarzschild radius corresponds to 5r^ = — i.e. « 0. The resulting 4-dimensional metric 
perturbation is obtained as 
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recalling that 5G fll/ = —G^iG vv i8G llv . Therefore an observer at rest with respect to the source 
particle m, thus with velocity v, feels a static gravitational potential given by 

V (x) = -M8G$ = -2me°*±(vf 4) +v 2 {5) -v 2 )±- 

T K \X\ 

~ ~Gn — t, G N = 2g 2 YM K^ 2 c (4.53) 



as long as v%> <C 1, using (14. 48 p . This is indeed the attractive gravitational potential of a 
point mass, with Newton constant (14.49P . Notice that the main contribution for this potential 
comes from the trace contribution in (14.47p . However the F contribution is neglected here, 
and a more complete treatment will be given elsewhere. 

Comparing ( I4.46P with the Einstein equations, we can consider the rhs as an effective 
modified energy-momentum tensor VT. In the above example, it implies that the point mass 
behaves like a particle with anisotropic pressure in general relativity. While the weak equiva- 
lence principle (universality of the metric) essentially holdsE^, the strong equivalence principle 
is clearly violated, because the tensor V is not Lorentz invariant in the present compact- 
ification. Spherical symmetry and isotropy might be restored either in more sophisticated 
compactifications as discussed in the next section, or possibly via the contributions from F. 
We can also verify the weak energy condition for VT, which requires that 

v'^v' u (VTy v > (4.54) 

for any time-like vector v' on M 4 . This is indeed satisfied, 

1_ .. , , ,.„f , I 

> —i 

m 



WJprr = m a - 4 1 e -- {4) + \ ) 

K i 

A o 4 ^EW)(^) + 5)>0- (4.55) 



4.3 Discussion 

Let us discuss some aspects of the resulting gravity theory. The basic question is if realistic 
(linearized) gravity can be recovered along these lines. In the simplest version with toroidal 
compactification, V is anisotropic, and only certain components of T^ v couple to gravity. 
However, this might be fixed in various ways, such as a more sophisticated compactification, 
or by taking the F contributions and their mixing with the (j) A properly into account. 



It is interesting to note that the 4-dimensional Planck scale Ap lanck ~ G N X ~ j Y m^ 2 



NC 



is 



indeed determined by the scale of noncommutativity, as may have been expected on naive 
grounds. In particular, the weakness of gravity arises as a natural self-consistency condition 
for the semi-classical compactified geometry. Notice also that no cosmological constant arises 
in (I4.16p . This does not rule out however possible cosmological solutions with a similar 
behavior. Indeed the mechanism also applies if Ai 4 C R 10 has extrinsic curvature, which may 



be interesting in the context of cosmology, as illustrateco in 19|, |29|. The role of quantum 
fluctuations will be discussed below. 



20 Thcre might be slight violations due to the dilaton or the non-standard spin connection for fermions. 
21 These solutions assume a certain complexification of the Poisson structure which we do not adopt here. 
However it seems plausible that similar types of solutions exist also in the present setup. 
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Structural aspects. Some structural remarks are in order. First, one might worry that 
the lack of manifest diffeomorphism invariance of the matrix model leads to inconsistencies 
such as ghosts. This is not the case. The simplest way to see this is to view the same model 
locally as £7(1) NC Yang-Mills theory on R 2n . Then there are massless propagating gauge and 
scalar fields after performing the usual gauge fixing procedure, and consistency is manifest. 
From the geometric point of view, the point is that the metric fluctuations are automatically 
in harmonic gauge ( I2.34p in the matrix coordinates, so that they are physical apart from 
the pure gauge contributions corresponding to symplectomorphisms or would-be £7(1) gauge 
transformations, which are not part of the physical Hilbert space. 

Let us discuss the geometrical degrees of freedom in more detail. There are 10 — 2 = 8 
physical degrees of freedom on Ai 2n c R 10 in the £7(1) sector of the IKKT model, taking into 
account gauge invariance. They split into 2n — 2 tangential and 10 — 2n transversal degrees of 
freedom. We have seen that the transversal moduli <p A of /C are clearly gravitational modes. 
The remaining 2 transversal modes (in the case of In = 6) may be interpreted as sterile 
scalar fields, which may lead to non-standard_gravitational effects such as gravity bags 



This seems at odds with previous proposals [3|, |30|, |3l| to interpret the two propagating 



on M 4 in terms of gravitons. However, two of these tangential degrees of freedom may be 
absorbed in the two scalar fields e~ a and r\ ~ G^g^ corresponding to dilaton and axion, and 
others may be frozen by the flux condition for /C. In the presence of matter, these tangential 
perturbations F may contribute to the 6 geometrical degrees of freedom required for the most 
general 4-dimensional effective metric. 

Note also that the vacua under consideration break the global SO (6) symmetry of the 
model, and can be viewed in terms of time-dependent VEV's of scalar fields from a 4- 
dimensional NC field theory perspective. Accordingly, some of the massless would-be £7(1) 
modes can be viewed as Goldstone bosons resulting from the breaking of the global SO (6) 
(or even SO (9, 1)) symmetry of the model by the background, although this analogy goes 
somewhat beyonco the standard field-theoretical setting due to the presence of Q^ % . 

Relation with string theory. From a string theory point of view, it is remarkable that the 
effective gravity is indeed 4-dimensional, even though the brane M 4 x/C C R 10 is embedded in 
a higher-dimensional non-compact target space. This is in contrast to the conventional picture 
where gravity originates from closed strings which propagate in 10 dimensions, leading to a 
10-dimensional Newton law if embedded in R 10 . The crucial point here is that the effective 
brane gravity is governed by the open string metric which encodes a non-degenerate i?-field, 
realizing split noncommutativity 9^ ^ and large extrinsi(@ curvature of K, C R 10 . Then 
the compactification moduli couple appropriately to 4-dimensional matter and mediate brane 
gravity. In contrast, the bulk gravity arises in a holographic manner. This origin for a 4- 



dimensional behavior is very different from e.g. the DGP mechanism [22J, which is based on 
a combination of brane and bulk physics with Einstein-Hilbert term but without a B field. 

The fact that 4-dimensional gravity can arise on branes in a non-compact bulk is very 
interesting. It means that there is no need to consider the vast landscape of 6-dimensional 
string compactifications with its inherent lack of predictivity. Rather, there is a mini-landscape 



22 cf. also [33[ for a somewhat related recent discussion. 

23 In particular, an abstract DBI-type action for the brane would not reproduce the above mechanism unless 
the induced "closed string" metric on the brane is properly realized as an embedding metric. 
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of at most 4-dimensional compactifications Ai 2n = A4 4 x JC C R 10 , which is not only much 
smaller but also governed by a meaningful selection mechanism given by the matrix model. In 
principle one can even put the model on a computer, which has recently provided interesting 
evidence in favor of effectively 4-dimensional vacuum geometries 34 . 

Some remarks on the claimed UV finiteness are in order. This claim is based on two 
grounds: 1) the compactified brane backgrounds M 4 x /C C R 10 behave in the UV as 4- 



dimensional noncommutative spaces 18|, and 2) the IKKT model is equivalent to M 



NC SYM on a 4-dimensional background, and thus free of pathological UV/IR mixing and 



perturbatively finite, cf. [35] . Point 1) is very intuitive, since compact NC spaces can carry 
only finitely many degrees of freedom, and shown explicitly in [181]. Point 2) needs to be 
confirmed more rigorously, but is very reasonable. Note that we consider the matrix model as 
fundamental and independent from string theory, hence there are no other degrees of freedom 
apart from the ones captured by NC gauge theory. This may deviate from string theory, 
which contains also an infinite tower of closed string modes whose relation to the matrix 
model is unclear; the relation with NC field theory is established only in a suitable a' — > 
limit [4j. I fact there is no claim for perturbative finiteness in the matrix model for genuinely 
higher- dimensional backgrounds such as Rg or R 1 , , as already pointed out in Therefore 
the present claim to obtain a (perturbatively) UV finite theory including gravity is based on 
the special case of compactified 4-dimensional brane solutions, and is independent of the UV 
finiteness of string theory. This may even be viewed as an argument in favor of 4-dimensional 
branes in the IKKT model. 



Vacuum energy and the cosmological constant problem. It is remarkable that the 
geometric equations (14.161) resp. (I4.46P do not involve any cosmological constant. However, the 
energy-momentum tensor might of course contain a component T^ v oc G^ u induced by quantum 
fluctuations, which typically happens upon quantization. Since the model is supersymmetric, 
only modes below the SUSY breaking scale AgusY contribute, so that T^ ac ^ ~ AgugyG^. 
This would modify equation (I4.16P with a cosmological constant term similarly as in GR, 
and it appears that the usual cosmological constant problem would arise. However, this 
conclusion is premature. The structure of the compactified vacuum geometry M. 2n = M. A x K, 
must be determined by taking into account all contributions to the effective action, including 
such quantum effects. While this is beyond the scope of the present paper, we can give a 
simple argument in favor of solutions with flat 4-dimensional geometry Ai 4 and constant 
compactification, even in the presence of vacuum energy. To this end, note that the semi- 
classical action (I2.16P S ~ A 4 J \/G G ab g a b has a similar structure as the induced vacuum 
action S vac ~ Ag USY / yG. It is then easy to see that the equations of motion obtained from 
the combined action S = J \fG (A 4 G ab cjf a6 + Ag USY ) take the form 

A 4 

U e x a = 0, G ab = G ab + a^g^g ab . (4.56) 
This has the same structure as the bare e.o.m. used throughout this paper, with a small 

A 4 

modification of the effective metric suppressed by S ^£ Y . It is therefore very plausible that 
the main results of this paper apply also upon taking into account vacuum energy, and at 
least nearly-flat vacuum geometries should exist even in the presence of vacuum energy. In 
a similar vein, the full Dyson-Schwinger equations of the quantized matrix model take the 
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form of the bare matrix model equations (DX A ) = (dropping fermions). These arguments 
strongly suggest that the cosmological constant problem may be less serious or even resolved 
in the present approach. However this require a careful study of the model at the quantum 
level, which is beyond the present paper. 



5 More general compactifications 

5.1 Effective 4-dimensional metric and averaging 

One problem of the above background is that the radial moduli correspond to specific metric 
degrees of freedom, which couple to the energy-momentum tensor via V in an anistropic way. 
This problem may be alleviated if the metric components 7^ are not constant along /C (or 
Ai) but rotate along /C, thus probing more degrees of freedom of T^ u . For example, this is 
expected happen for a compactification on S 3 x S 1 . 

To understand the effective 4-dimensional metric on more general compactified back- 
grounds M 4 x /C, we can decompose the fields in harmonics i.e. Kaluza-Klein modes on /C, 
and restrict ourselves to the lowest KK mode. For example, consider a scalar field (p = Lp{x^) 
which is constant along the compact space /C. Then the action in the M.M. reduces to 

S[ip] = f d 2n x^/\G\G ab d a ^ = J d 4 x (J dCy/ det 7"") d^ip. (5.1) 

Assuming that det 0~£ is constant along fC, we define a reference volume V of K. via0 

J d 2n x^M6^ = J d 4 x J dC^dete^ 1 =: J d 4 xV ^/det 6j (5.2) 

as anticipated previously. We do not require that 7^ = 9^ a 9 ub g a b is constant along K. Then 
the effective 4-dimensional metric is determined by the reduced In- dimensional conformal 
metric averaged over /C. The appropriate scale factor of the effective 4-dimensional metric is 
determined as in (12. lip such that 

S[<p] = J d 4 x^\G {i) I Gfqd^ipdvip , (5.3) 

which leads to 



G% = T v , T"= I $ -T> e~°* = V °f^} . (5.4) 

Therefore is the effective metric which governs the 4-dimensional physics of the lowest 
KK modes. It follows as in flOj} that 

8G^ = e-°*&*r ~ GftSai, 5a, = ■ (5.5) 



24 Assuming a product structure Ai 4 x IC, one can integrate the symplectic measure over K, and obtain a 
volume form on A4 4 . We assume that this can be done via e.g. some fixed canonical invariant measure on a 
homogeneous space indicated by J K e?C . 
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The coupling to matter can be written for the lowest Kaluza-Klein modes either in 2n or in 4 
dimensional form, 

^matter = J d 2n Xy/ G ab 5G ab T ab = J d^XyJG^) 5G^T$ 

= j d 2n xVG~ b (e-°5r b - G ab 5a)T ab = j d 4 x^/G^ (e^S^ - G^Sa A )T^. 

At first sight, there appears to be a mismatch for the trace contribution, since 5a = 
2{n-i) ^ ab ^ ab w hile <5cr 4 = §7^57'"'. This is resolved by noting that 

J d 2n x^ b T ab G ab = J d A x^G^(n - l)T$G^ (5.6) 
provided <p and are constant along /C; this is easily checked e.g. for scalar fields, 
T ab = datpdtfp - -GabiG^datpdbip), T<$ = d^d^ - ~ G^ (Gfy d a (pd b ip) 

while T = for gauge fields. The last form of (15.41) implies as in (I2.38P that the corresponding 
4-dimensional Einstein tensor can be written as 

gft = ±e-«n w fy a ' +0(F), (5.7) 

using again a suitably adapted flat background, and using the harmonic gauge condition 
(15.101) . For constant curvature compactifications as above, this reduces to 



gfi = er*<^J^n(T%6r t ) + 0(F) 



T m + 0(F) (5i 



assuming Vju) = or d\ p 5ri = 0, and_l the 2 n- dimensional equation of motion (14. lip for the 
moduli. The 0(F) term will be discussed in the next section. Here 

y (4) -Ao e ^ r 2 J K Vo 7(0^(0 2 (n-l) 7 A ( j 

In particular, we recover (I4.16p . The important point is that V is now averaged over /C, and 
the partial metrics 7^ probe different components of the energy-momentum tensor T^. This 
or a similar averaging might allow to make the present mechanism of brane gravity realistic. 
Notice that we used above the 4-dimensional harmonic gauge condition 

Prfl - \^ = 0. (5.10) 

This follows again from the 4-dimensional equations of motion. Indeed, the variation of the 
action for any scalar field p which is constant along /C can be written as 

5 {4) S[4>} = 2 J d 4 x5 ( 4 ) (pd u (^J\G {4) \G u ^ ) d fl (p) = 2 J d 4 x^J\G (4) \ S^ipD^ip (5.11) 



25 These manipulations are somewhat sketchy, and should be rehned elsewhere. 



28 



Comparing with (I5.ip . it follows that the Laplace operator for the lowest KK modes reduces 
to that of G(4): 



|G (4) |ngV = V^\G {2n) \U% n \. (5.12) 
In particular, the matrix coordinates are harmonic also w.r.t. Gu\ in vacuum, 

rf 4) = D (4) = Vojr^ V G x» = Tf 2n) = 0. (5.13) 

Therefore the harmonic gauge condition (15.101) holds. 

We conclude that the massless moduli lead to (nearly) Ricci-flat deformations of the ef- 
fective 4-dimensional metric, not only for toroidal compactifications but also under somewhat 
weaker assumptions on the compactification. The coupling of gravity to matter will quite 
generically lead to Newtonian gravity, and a (near-) Lorentz invariant 4-dimensional effective 
V might be recovered upon averaging over /C, possibly leading to a viable gravity close to 
GR. A similar averaging may arise in the presence of multiple branes with intersecting com- 
pactifications /C, where each brane will contribute gravitational modes, which may couple to 
different components of the energy- momentum tensor. Such scenarios are very appealing also 



from the particle physics point of view, and are naturally realized in matrix models [15|. On 



the other hand, compactifications with V9 ab ^ may also be interesting, as discussed next. 



5.2 Non-constant ab 

The toroidal compactification considered above are special because the Poisson tensor is covari- 
antly constant. This implies that the metric fluctuations due to F couple only to derivatives of 
the e-m tensor. We briefly discuss the effect of more general compactifications with V9 ab ^ 
on F. The equations of motion (13. 6 p now imply 

DF ab = 2A " 4 e" CT (T ef & c (V b V c 6 ed G da - V a Vj ed G db ) + 0(VT)) . (5.14) 

Unlike for toroidal compactifications, the tangential fluctuations now couple to the e-m tensor 
and not just its derivatives, and may play a similar role as (j) A for gravity. Computing the 
4-dimensional Einstein tensor for the averaged metric 

gab = ^y^-itudn - l -G bd u{e ac F cd ) - \G ad u{e hc F cd ) + - A G ab u{e cd F cd ) 

^— ' r i y ' 2 2 4 

i 

+ C(VVT) +0(5 2 ) (5.15) 
will lead to an Einstein-type equation 

g»v = + pw?) Tm + o(WT) + 0(5 2 ). (5.16) 

We assume that the V^VF terms vanish upon averaging over /C, which needs to be verified 
in the specific compactifications. Here 'P^ u,pri is as before, and 

v ^, m = A^V ff 0(0VV0) = 0{G N ) (5.17) 
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describes the contribution of the would-be U(l) gauge fields due to the first term in (15.141) . 
Then both transversal and tangential perturbations contribute with the same coupling 
strength Gjy. Hence for such compactifications K. the tangential modes play a similar role 
as the transversal modes, and a 4-dimensional V providing an appropriate coupling to the full 
4-dimensional e-m tensor might be recovered upon averaging over /C. Thus after the dust has 
settled, the present scenario of emergent gravity from the IKKT model might provide a viable 
description of gravity and its quantization. 

6 Conclusion 

In this paper, a new mechanism is exhibited which leads to an effective 4-dimensional gravity 
on compactified brane solutions Ai 4 x /C C R 9,1 of the IKKT matrix model. Gravitational 
modes are encoded in the moduli of the compactification, which are transmitted to the non- 
compact space via the Poisson tensor. The required type of Poisson structure (dubbed split 
noncommutativity) arises naturally in the relevant solutions, so that the mechanism is very 
robust. No Einstein-Hilbert action is required, only the basic matrix model equations of 
motion are used which select a certain type of harmonic embedding. The Einstein tensor is 
indeed sourced by the energy-momentum tensor, however deviations from Ricci-flatness in 
vacuum are possible, and the gravitational coupling depends on the specific compactification 
/C. For the simplest case of R 3 ' 1 x T 2 , the coupling is anisotropic. We argue that more 
sophisticated compactifications and/or a more complete treatment of the Poisson structure 
should allow to recover a physically viable effective gravity theory in 4 dimensions. The 
mechanism does not arise in a purely commutative setting although the model is very similar 
to M = 4 SYM, because the Poisson tensor 6 lfl plays an essential role to link the moduli of K. 
with the non-compact metric. 

There are several reasons why this non-standard origin for gravity is interesting. First of 
all, it promises to give a perturbatively finite quantum theory of gravity. The reason is that the 
compactified backgrounds under consideration behaves in the UV like 4-dimensional spaces, 
due to their intrinsic noncommutative nature. This should imply perturbative finiteness, 
because the model can be viewed alternatively as M = 4 NC gauge theory on a 4-dimensional 
NC space. Furthermore, the model offers reasonable hope to resolve the cosmological constant 
problem, and we argued that vacuum energy induced by quantum mechanical zero-point 
fluctuations should be consistent with flat 4-dimensional geometries. Finally, this approach 
avoids the landscape problem in string theory, because it does not require 6-dimensional 
compactifications but only 2- or 4-dimensional compactification. Of course all these claims 
are bold, and require careful scrutiny and better justification. Nevertheless they appear to be 
reasonable, and certainly justify to study this matrix-model approach in detail. 

This paper clearly leaves many open questions and loose ends. The main point is to 
demonstrate the mechanism, and to provide hints for further explorations. There are many 
obvious directions for follow-up work, in particular more sophisticated compactifications, non- 
trivial embeddings of the 4-dimensional space, and a more complete treatment of the tangential 
modes. The same mechanism should also be studied form other points of view, such as the 
BFSS model, or from a more stringy perspective. It remains to be seen if a fully realistic 
quantum theory of gravity and other fundamental interactions will emerge form this approach. 
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Appendix A: Extrinsic curvature 

Consider the objects 

K A =V l d,x A , K im = K^K^ab (A.l) 

on M C R m . Viewing the Cartesian embedding functions x A as scalar fields on M, we can 
consider Kf- as a rank 2 tensor field for each A, and K^-ki as a tensor field. If V = Vg = V s , 
then the Gauss-Codazzi theorem states that 

Kij-ki — Kjk-u = Rikji- (A. 2) 

Let us compute these objects for the sphere S m C R m+1 . Using the SO(m + 1) symmetry, we 
can use normal embedding coordinates x l , i = 1, ...,m for 

x m+l = v / r 2_^) 2 J ( A - 3 ) 



at the north pole p — (0, ., 0, r). Then 

f).p).T m + l = -( 

(x m+1 ) 



8^ = 0, fc = l,...,m, dAx m+l = - ( [X /JZZ ), (A.4) 



so that 







l,= l 









V l d ] x\ = P N did 3 x% = ( Si . (A.5) 



which means that 



Kf J = - 9 ^x A , K irM = 1 9i] g k i. (A.6) 
l 

(a) 



In particular for a torus T m = x a Si a) C E 2m , we obtain 



where r a are the radii of the cycles of T m . One can then verify via the Gauss-Codazzi theorem 
that the intrinsic geometry is flat. 
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Appendix B: Matrix energy- momentum tensor 

We recall that the translations 5X A = c A t are symmetries of the matrix model. Adapt- 
ing a standard trick from field theory, one can derive a corresponding conservation law by 
considering the following non-constant infinitesimal transformational 



5X A = X B [X A ,e B ] + [X A ,s B ]X B (B.l) 
where e B is an arbitrary matrix. As elaborated in |2J, this leads to 

8S YM = -Tre B [X A , T AB ] = Tr[X A , e B }T AB (B.2) 
for an arbitrary matrix (!) e B , so that 

[X B , T AB ] = (B.3) 

where 7~ AB is the "matrix" energy- momentum tensor. Is bosonic contribution is given explic- 
itly by 

t ab = ^ [X A ,X C ][X B ,X C } + (A^ B)) - ^ AB [X C ,X D }[X C ,X D }. (B.4) 
Its [/(l)-valued component T AB = T AB m + 7^o^ bcl consists of a geometrical term 

CI = d a X A d b X B 6 aa 'e bb ' T a r m , T a r m = - 9ab + \G ab {G cd g cd ) (B.5) 

plus the energy-momentum tensor of the nonabelian gauge and scalar fields. It is easy to see 
from ( 1B.4j) and (12. 5p that this can be rewritten as 

{Xb, T g i B m } = {X A , X B }UX B = e°6 ac d a x A g bc nx b = e 2a G ab G de V^e~ db l d a x A (B.6) 

which defines a vector field on A4, using the identity 

D G x b = -T b = —=V { a 9) (VGG ab ) = e- a 9 ac g dc Vi g) bd = -G^^^O^ 9 bb> (B.7) 
\l G 



in the last step. On the other hand, in any local coordinates we can write 

{x B ,r AB } = e cd d c x B d d r AD VBD 

= 8 cd d c X B d d (d a X A d b X D 9 aa '6 bb 'T a , b ,)r ]BD 

= e cd d d (d a x A d c x B d b x D e aa 'e bb, T a , b/ ) VBD 

= d d {g cb e w T a , b ,6 aa 'd a X A ) 

= V9d d (V6^9 cd g cb 9 bb 'T a , b ,6 aa 'd a X A ) 
e a 



d d (VGG db 'T a , b ,8 aa 'd a X A ) (B.8) 

using the identity (13. 3p . In NEC or equivalently V^, the double derivative term d d d a X A is 
in the normal bundle, so that we obtain the identity 

vf ( VGG db T^ b om 6 aa ' ) = e a VG G^G^V^O^ 1 . (B.9) 



26 it is not hard to see that this preserves the measure of the matrix path integral. 
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Finally, to see the relation with the usual e-m tensor, note that the nonabelian components 
contribute via 

[x a , x b ] = e aa 'e hh \e-^ + F a , v ) (b.io) 

and we recover the standard form of the e-m tensor for nonabelian gauge fields 

TTonabei = e CT aa '0 66 ' ( F a , c G cc ' T dv - -G a , y {TT)) = e° &»' 0* Tffi*** . (B.ll) 

Appendix C: Harmonic correction due to matter. 

In the presence of matter, the equations of motion are modified so that the matrix coordinates 
are no longer harmonic, \3x a 7^ 0. However, we will show that the deviation from harmonicity 
is small and negligible compared with the energy-momentum tensor source for the Ricci tensor, 
justifying the above derivation of the geometric equations of motion. To see this, we recall the 
general expression (12.35P for the linearized Ricci tensor in terms of h a b, which can be written 
as 

SR ab = ]-V a (V d h bd - ^d b h) + ^V b {V d h ad - -d^h) 
= -iv a Qr b - ^V b Dx a - ^Dh ab + 0{R) 

since 

T a = -Ux a ~ V d h ad - l -d a h (C.2) 

(note that h ab = —5G ab ). Now note that the £7(1) component of the conservation law (IB. 31) 
casts the tangential equations of motion in the presence of matter in the following useful form 

e°T d = -e°Dx d = g M 9^[X B , 7T nabel ] , (C.3) 

and similarly for the fermionic matter contributions. Plugging this into (IC.ip . the terms 
V a Dx 6 contribute second derivatives of the energy-momentum tensor resp. of 9 ab , which is 
much smaller than the matter contributions to \3h ab which led to (??), thus finally justifying 
its derivation in the presence of matter (at least if 9 ab is constant). Notice that these derivative 
contributions are of the same magnitude as the contributions of the tangential perturbations 
F in (??), so that the derivative corrections to the Einstein equations in the presence of matter 
require a more careful investigation. 



- -Dh ab + O(R) 

(C.l) 
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